
���������
	����
���������������
��	����
�! "�$# %&�!�����'�)(�*� +�,�-�.�
2004− 2005

/1012431576+8!9;:=< >@?BAC?B576D<BE

F GIH JLKNM OQPSR=TVUXWZYBT.[\K O]KNU_^ `aWcb4dN^ `eWZTgf;M4KNU
hjilknmporq)s

XV Ie tvu+wgx i+y�zXi+y{q)|V}�ygi+~��)��yg�;ygo��1q)s x ~��;��yV� x y{y��1q)y�i�k��pk�o���s�y;��~ t y;q�y t �)�v~���i w �;y t q�y x k�i"�
x s)i�o�s)�;|g� u ��s)y�zck�s�����s)yVi t ily t ��k�����|g��k�� u+xgu yVo t q)y;�vyVo)~�� x ~�o t k x �vyVo���s)o)y;��~�o)o)y;�pk���� u y�q)y;ilyVs)� t yV��~���� tg�c� k��k u i+ilyVs)� t z�i+y t �)��~��)i w �;y t q�yeopk�} u+� k�� u ~�o���q)|V�vyg��� u opk�� u ~�onq���s)o�yeil~�o ��u ��s�q)y�z�q)y�ilk��v~�s7��yei�kB�)ils t x ~�s)����y�¡�zpk u o tvu ��s)yily t �)�v~���i w �;y t q��¢k t ����~�o)~�� u y�z u ���)i u ��s)yVo��£qX� u �;��~����¤k�o�� t�x k�i x s)i tg� i�k�q u"¥�x s)i+�v|{q)y x y t�¦Vx k�i x s)i t k t ���v~�o)~�� u ��s)y t�¦y t �§��y t ��|gy1il| � ygo�qpk u ��yeyV�§k{��~�s tvt |�¨{i�kCq�| x ~�s�}�yV����yBq)ye��y x �)o u ��s)y t q�y x k�i x s)i tvu ����i u m x k��v� ulx y tV�© � u q)|gy ¦Vt�u �;�)ily ¦ z!¨ªilk«�pk t y�q)y x y t ��y x �)o u ��s)y t zNy t �¬��s�� u i�y t �­��ils t�® k xVu i+y¯qX��k�q)q u � u ~�o)o)yg�n��s�yrq�yr��s)i+� u �)i u yg� �° s)ygi+��s�y t �nk��v�)|g��k�� ulxgu ygo t q)s�q�|g�)s��,q)s XV IIe tvu+wgx ilyN~�o�� ® k��)� u ��s)|Nq)y t �¤k���ily t q�y x ~��v��y t ��~�o)q)k�o x y±��s u\¦ ���vk�o t �
® ~��v�;ygo��;ily t �)�v~�q)s u � t ygo t ~��;�;y t²¦ z x �³y t ���´¨��Sq u �vy]��s u ��yV�v�;yV�v�vygo��;q)y x k�i x s)i+yg�{s)oµ�)�v~�q)s u � ab

ygo ® k ult k�o��;s)o)y
t ~��;�;y a′ + b′

q)yailk ® k�¶g~�o t s u }�k�o���y{·
ygo ® k x yeq�s¬��|gyVi a

~�o4�v�v~�s�}�yeilye��|gygi
a′
�Dk��)��yVil|�i+~ � k�� u �v�)��yq)y

a
¡�¸

ygo ® k x yaq)s¬�v|Vygi b ~�o¬�v�v~�s�}�yailye�v|Vygi b′ ¸���¹ o x k�i x s�ily a′ + b′
z�~�o x �)yV� x �)y x y£��|gygi
qpk�o t ilk x ~�il~�o�o)yNq)y til~ � k�� u ���)�;y t z7y��§yVo ® k x ya~�o]i u � ab �

��|gygi t i+~ � k�� u ������y t
a a′

b b′��� ���
ab a′ + b′��� ���© y1���v~ x |gq�|By t � tvu �;�)i+y ... �nk u+t ��s)ygiZ�v|Vygi a′

��y��v����yaygo ® k x yaq)y a
q)y ® k�¶V~�o¬��s�yBilk{��k��)i+y ® ~�o x � u ~�o�o)y x ~��;��y u i�k|V�v|1q u ��º

� ils t�u ygs�� t»® k�¶g~�o t qX�³¼��pk���}�ygo u � t ~�o��§k��)�pk��vs)y t ���vy t ��s)y t�u �Cs)i"�¤k�o�|g�;ygo�� �
© kn�)�vyV� u+w ��yB�¤k��)ilyBq)yCil~ � k�� u ���)�;y t y t �aq)s)yC¨ni���½ x ~ t�t k u+te¾­¿�À
¿�Á ¸ u iZi�k��)s)�)i u k�yVo 1614

·�qpk�o t�x yV����yC�¤k��)ily�z�i+y til~ � k�� u ���)�;y t�t ~�o��1q)~�o)o)| t k�}�y x 7
q)| xgu �nk�i+y tV�ZÂ y t il~ � k�� u ���)�;y t�t ~�o��1q u � tBÃZÄ�À
Ä�Á�Å�¿�Ã\Æ yV� x ��y t �Cq���yVs7�r��s)y�o�~�s tk�ili+~�o t �v��k u ��yV�»y tvt ygo�� u ygi+ilyg�;ygo�� �pÇ ~�s t s7� u i ult yg�v~�o t q)y t �;~²¼�ygo t ��s)y1i��³|g��~���s�yeq)y Ç yg��yg�No)y x ~�o)opk u+tvt k u �N�pk tg�© y t s u+tvt y±È s�� ��u z�ygo 1620

z�yV��iD�¢k�o � i�k u+t È,� ul����t z�ygo 1624
z��)s��)i u ygo�� x �pk x s)o;q)y»ilyVs)� xgÉ �v|»s)o)y!��k��)ily q)yNil~ � k�� u �v�)�;y tq u � t1Ê�Ë¤Ì�ÍÏÎ;Ð�Ñ�Ò��pÂ ygili+yeq)y1È � u+����t q�~�o)o)y1ily t il~ � k�� u �v�)�;y t k�}�y x 15

q)| xVu ��k�ily tg�Ó yg��s ult z\i+y t �)�v~ � � wgt q)y�i��³Ô£opk�i"¼ t y�~�o��C��yg��� u+t q�y�q)��y t�t yg��q)y t �¤k��)i+y t q)y�il~ � k�� u �v�)�;y t �pk��BqX��k�s��v�vy t �;|V����~7q)y t�)ils t �vk�� u q)y t z)s�� u i u+t |gy t qX��k u i+ilygs�� t �)k��Nily t»x k�i x s)i�kÕ��� u+x y tg�Ö o ® k u �!y t �»��yg��k��v��spk���ily�· u o�}�yVo���|gy tNt ~�s t,® ~��v�;y£q)y§�¤k��)i+y t ��~�s)�,�v|V��~�o�q)�vya¨�q�y t ��y t ~ u o t ����k�� u ��s)y t q)y x k�i x s�i t zily t×® ~�o x � u ~�o t il~ � k�� u ���)�;y t
t y t ~�o��!��|V}�|Vil|Vy t z7k�s ® s)�,y��!¨a�;y t s��vy£q�snq)|�}�ygi+~��)��yg�;ygo��!q�y§iD��Ô§opk�i+¼ t y�z�qX�³s)o)y � ��k�o�q)y
u �;��~����¤k�o x y£�v�)|g~�� u ��s)y�z
k�s t�tvu � u yVo]ygo¬�nk��v�)|g��k�� u ��s)y t ��s�yBqpk�o t ily t»t�xgu ygo x y tg�

Ø ÙÚJ]J4[�Y;Û
b4K
Ô x � u } u ��| t 1

yV�
2
�pk � y 118

yV�
119 �

Ü�Ý�Þ�ß�àDá â¤ã�ä£å;æ\çÕè�çÕàDáéåÕê èÕßÕÞ�å{ë²ì�í



� � ` �ÕY�H]Û,WZT�Y�H ��Y���`e[�T.Wcb]^ K H4d»JLd![�T�KNH

���
	 �
���������������
� Ä���ÃcÅ���Å���Ã
 "!$# i�y.� ult �vy�s)o)yey��»s)o)y t ygs)i+y ® ~�o x � u ~�o�q)|�mpo u y£yV�»q)|V� u }�k��)ily t s)� ]0; +∞[
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yV�
ln′(x) = 1

x

z u i�ygo4��| t s�i+��y£��s�yei�k ® ~�o x � u ~�o lny t � t ��� ulx ��yg�;ygo�� x ��~ ult�t k�o��vy t s)� ]0; +∞[ �

x 0 1 +∞
ln
�

+ 1 +

↗
ln 0

↗
x

y

O

y = ln x

+1

+1
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ln x = +∞ lim
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��~�s��
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� ~�s)� x ygilk x �)~ ultvu+tvt ~�o t s)o­yVo�� u yV�§o)k���s)��ygi n ��yVic��s)y

n ln 2 > M Í g n > M
ln 2
� ¹ � n ln 2 = ln 2n

q)~�o x n
y t ���yVi���s)y

ln(2n) > M �
� s ult ��s)y»i�k ® ~�o x � u ~�o ln

y t � t �v� ulx ��yV��yVo�� x �v~ u+tvt k�o���y t s)� ]0; +∞[
z���~�s)���v~�s��
��|gyVi

x
q)y»i�� u o���yV��}�k�i+ily [2n; +∞[
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ln x > ln 2n > M � Ó �³~��­ily���| t s�i+�¤kÕ� �

H � ~�s)� x > 0
z���~ t ~�o t U = 1

x

z�k�il~�� t ln x = − ln U �ÕÂ ~����;y limx→0+ U = +∞
y��

limU→+∞(− ln U) = −∞ �
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y t � x ~�o�� u o�s)yCy�� t ��� ulx ��yg�;ygo�� x �v~ u+tvt k�o���y t s�� ]0; +∞[ ��
 ili+y��v|gk�i u+t yBq)~�o x s)o�yC� u
� y x � u ~�o¯q�y [1; 3]t s)�»iD� u o���yg��}�k�ili+y [f(1); f(3)] �pÂ ~��;�;y ln 1 < 1

yV�
ln 3 > 1

k�il~�� t u i�y�� u+t ��yes�o¬s�o u ��s)ye��|gygiDz���s)yai��³~�o�o�~���y e
z�qpk�o ti�� u o���yV��}�k�i+ily [f(1); f(3)]

��yVi���s�y
ln e = 1 �p� k�� t ��� ulx ��y x ��~ ult�t k�o x yaq)yei�k ® ~�o x � u ~�o ln

z
e
y t �§� Ig�;y�iD��s)o u ��s)ye�v|Vygi xq)yai�� u o���yV��}�k�i+ily ]0; +∞[

��ygi���s)y
ln x = 1 � Ó ya�)i+s t 2, 718 < e < 2, 719 �� ~�s��C��~�s��Cygo�� u yg�C��ygi�kÕ� u+® m

z
ln em = m ln e = m

z�k u o t�u em
y t ��� u ygo t ~�ils�� u ~�o q)y4i��³|g��spk�� u ~�o ln x = m ��� k��

t �v� ulx ��y x ��~ ult�t k�o x yaq)yai�k ® ~�o x � u ~�o ln
z x �³y t �§i��³s)o u ��s)y t ~�i+s�� u ~�o4q)y x y��v�vy1|V��spk�� u ~�o �

K ¿7-L))ÁNM�OZ¿ · � ~�s)�±k ¥;x �)yg� e t s)�»}�~��v�vy x k�i x s�i�k��v� ulx y�z��¤k��)s�ily21eilk t |V��s�ygo x y ��� #���� ln 1 �

� � KNU ��Tg^ T.WZKNU O4K [\d ��d![\KNH]Û K
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lim
x→0

ln(1 + x)

x
= 1; lim

x→+∞

ln x

xn
= 0

~��
n ∈ N; lim

x→0
x ln x = 0.

a]c\g�Ñ�� g��
H © k ® ~�o x � u ~�o ln

y t �{q)|g� u }�k��)i+y�yVo 1
y��

ln′(1) = 1
z u i,yVo«�v| t s)i"��y��)k���q)|�mpo u � u ~�oQq)sªo)~��C�)�vy�q)|g� u }�|���s)y�z

limh→0
ln(1+h)−ln 1

h
= 1

~�s]ygo x ~���y limx→1
ln(1+x)

x
= 1 �

H 
 oª|V�vs)q u k�o��]� xV® y.��~�¡�ily t }�k�� u k�� u ~�o t q)y4i�k ® ~�o x � u ~�oQq)|Vmpo u y t s)� ]0; +∞[
�pk��

x 7−→ √
x − ln x

z\~�oªygo
q)|V��~�o��v�vy±��s�y���~�s)�×�v~�s��,�v|Vygi

x > 0
z
ln x <

√
x ��# i�yVo��v| t s)i"��y±��s�y�z���~�s��×�v~�s��,�v|gyVi x > 0

z
lnx
x

< 1√
x

q)~�o x��~�s)�!��~�s��±�v|gyVi
x 6 1, 0 6

lnx

x
6

1√
x
�

¹ �
limx→+∞

1√
x

= 0
q�~�o x zp�)k��»���)|V~�� w ��yeqX�³ygo x k�q)��yg�;ygo��§yV�±�pk t�t k � y1k�s��]i u � u ��y t z limx→+∞

ln x

x
= 0 �

H � ~�s)����~�s�� x > 0
z²��~ t ~�o t U = 1

x

z�k�i+~�� t x ln x = 1
U

ln 1
U

= − ln U

U
� ¹ � limx→0+ U = +∞

yV�
limU→+∞

lnU

U
=

0
q)~�o x zp�pk�� x ~�����~ t�u � u ~�o�q)y t i u � u �vy t z limx→0 x ln x = 0 �
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y t � ln(1) + ln′(1)h Í g h �#
 o­��yg�;�)i�k�¶�k�o�� ln(1 + h)

�pk��
h
zp~�o x ~��;�;yV��z���~�s�� h

��yVi���s�y
|h| < 1

z)s�o)yayg�v��ygs)�±��k � ~��v|Vye�pk�� h2

2

� � ~ u � y��7~�¡ �
��! © k��)�vyV� u+w ��y�i u � u ��ya��ygs�� t ��| x � u �vy limx→1

lnx

x−1
= 1

z�yVilily tvu+� o u m)yCk�s t�tvu ��s)y{iD�¢k��)�)�v~�� u k���� u ~�o¯k ¥ o)y�il~ x k�i+yq)y
ln(1 + h)

y t � h
��~�s)�

h
}�~ ult�u o]q)y&1g|V�v~ �

� ! © k����v~ ultvu+w �;yCi u � u ��y1��yV�v�;yV�aq)y x ~����)k��vyV� xn
yV�

ln x
��~�s)�eily t;¦V� ��k�o)q)y t }�k�i+ygs)� t q)y x ¦�� ¹ orq u ��k4��sX��k�s}�~ ultvu opk � yeq�y +∞

z
ln x
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� � Y�H]Û,WZT�Y�H Û,Y�^ JLYBU�d»K
ln ◦u

_ +ZÄ���Á,`7-Q¿��9! u g\fidNÑ��?g � b ��Ìid Í b �ªÊ�Ëic.Í �ÕÐ��2h g gid;fid c�Í�Ìideg�Î g�� d 	 b f�Í*dDÍ � gQf�Ñ�c{Ñ��«Í � degic �ÕÐ h*h g I ����h bNc f h"Ð � b ��ÌidDÍ b �
ln ◦u : x 7−→ ln(u(x)) g\fid×Ñ �?g � b ��Ìid Í b ��Ê�Ëic.Í �ÕÐ��2h g�f�Ñ7c I gid
	 bÕÑ7c&d�bÕÑ7d x Ê7g I k (ln ◦u)′(x) = u′(x)

u(x)
�

(ln u)′ =
u′

u
.

a]c\g�Ñ�� g��
Ç ~��v~�o t f

z�ilk ® ~�o x � u ~�o�q)|�mpo u y t s)� I
�)k��

f = ln ◦u ��� k��×k��)�)i ulx kÕ� u ~�oCq)s����)|V~�� w ��yNq)yNq)|V� u }�kÕ� u ~�o{qX��s�o)y ® ~�o x � u ~�ox ~��;��~ t |Vy�z f y t �§q�|g� u }�k��)ily t s)� I
zpyV�

f ′(x) = ln′[u(x)] × u′(x) = 1
u(x)

× u′(x) = u′(x)
u(x)

�
K ¿7-L))ÁNM�OZ¿ · Ó k�o t ily x k t ~���i�k ® ~�o x � u ~�o u

y t ��q�|g� u }�k��)ily yV� t �v� u+x ��yV��yVo���o)| � kÕ� u }�y t s)� I
z�k�i+~�� t i�k ® ~�o x � u ~�o (−u)y t �»q)|g� u }�k��)i+y§y�� t �v� u+x ��yV��yVo��!��~ tvu � u }�y t s)� I

q)~�o x i�k ® ~�o x � u ~�o ln ◦(−u)
y t �»q)|g� u }�k��)i+y t s)� I

yV�
(ln ◦(−u))′(x) =

−u′(x)
−u(x)

= u′(x)
u(x)

�
� ��Á,� % % )pÅ�Á�¿  "! u

y t �1s)o)y ® ~�o x � u ~�o¯q)|V� u }�k��)ilyCy��a��s u o)y t �¢k�o�o�s�ily{�pk tet s)�es)o u o��vyg��}�k�i+ily I
k�i+~�� t ln |u|

y t �1s)o)y�)� u � u � u }�y£q�y u′

u
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�pk��

log x = lnx

ln 10
�

� y t �)�v~��)� u |V��| tNt ~�o�� x yVilily t q)yai�k ® ~�o x � u ~�o ln
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Ü�Ý�Þ�ß�àDá â¤ã�ä£å;æ\çÕè�çÕàDáéåÕê èÕßÕÞ�å1í�ì�í


